Supersymmetric QCD in the Noncommutative Geometry 
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Introduction of supersymmetry into the noncommutative geometry is investigated. We propose 
a new Dirac operator which plays the role of the metric over the extended algebra of chiral and 
antichiral supermultiplets and is invariant under the supersymmetry transformations. Inner auto- 
morphisms for the algebra generate vector supermultiplets as an internal fluctuation of the metric. 
We show that the supersymmetric QCD action for these supermultiplets is correctly given by the 
spectral action principle. 
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I. INTRODUCTION 

An application of noncommutative geometry (NCG) 
to particle physics was initiated by Connes [l| and subse- 
quent works followed . This approach made possible 
full geometric description of the interaction of elemen- 
tary particles [fi, [_]. Following the scheme of NCG, the 
noncommutative geometric standard model was studied 
by various authors [§4TTI|. A remarkable feature of this 
geometric approach is that both the gauge fields and the 
Higgs fields are introduced by internal fluctuations of the 
metric of NCG. In the traditional spontaneously broken 
gauge theory, the Higgs Lagrangian contains many free 
parameters so that they spoil the predictive power of the 
model. In the NCG models, the Higgs field emerges on 
the same footing as the gauge field and the Higgs coupling 
constants are related to the gauge coupling constants. 

The NCG standard model, extended to include neu- 
trino masses, was constructed [l__, [___J. Although the 
standard model of elementary particles provides a re- 
markably successful description of presently known phe- 
nomena, there are some difficulties and they suggest the 
existence of new physics beyond the standard model. 
One of them is that the gauge coupling unification in 
the renormalization group equation is not viable phe- 
nomenologically in the framework of the minimal Stan- 
dard Model. In addition, there is the infamous " hierarchy 
problem" , which is that the Higgs squared mass parame- 
ter m 2 H receives enormous quantum corrections from the 
virtual effects of every particle that couples to the Higgs 
field. These difficulties also exist in the NCG standard 
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model. 

It is known that these shortcomings are remedie d by 
introducing supersymmetry into the standard model |14j . 
In order for the NCG standard model to be phenomeno- 
logically viable, it is quite desirable to incorporate super- 
symmetry into the model. The purpose of this paper is 
to investigate how to introduce supersymmetry in NCG. 
Following our prescription of supersymmetric NCG we 
shall show that the supersymmetric QCD action is cor- 
rectly derived. 

The fundamental aspect of supersymmetry in NCG 
was discussed by Connes [l|. Subsequently the early at- 
tempts to incorporate supersymmetry in NCG were made 
by several authors I15l-ll8ll . Recently the supersymmetric 
QCD was derived in [l_| on the basis of the spectral ac- 
tion principle 20] . In their works the superpartners of the 
QCD-particles were added in such a way that fermions 
are elements of the Hilbert space while bosons arise as 
inner fluctuations of a Dirac operator. It seems rather 
unnatural, however, that the fermions and bosons in the 
same supermultiplet have the different origin. 

Our approach is different from those previous works 
as outlined below. The basic element of NCG consists 
of an involutive algebra of operators and of a selfadjoint 
Dirac operator in the Hilbert space. These ingredients 
of NCG are formulated in the Euclidean space-time. In 
order to incorporate supersymmetry, however, we must 
work in the Minkowskian space-time. Moreover, we en- 
large the Hilbert space and the algebra in such a way 
that they include both fermions and bosons which form a 
supermultiplet. In this situation we construct a new gen- 
eralized supersymmetric Dirac operator, and show that 
the supersymmetric action is derived correctly from the 
generalized supersymmetric Dirac operator by the use of 
the spectral action formula. In order to check the axioms 
of NCG (__lj , we change the signature from Minkowskian 
to Euclidean by the Wick rotation, since the axioms of 
NCG have been stated in the Euclidean space-time. 
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Supersymmetric extension of the gauge symmetry is 
derived from inner automorphisms for the algebra of su- 
permultiplets. We shall see that the effect of inner au- 
tomorphisms on the metric gives rise to internal fluctua- 
tions and replace the supersymmetric Dirac operator by 
the modified one. This mechanism generates exactly the 
gauge supermultiplets. Then we can take a step toward 
the construction of the supersymmetric QCD in our ge- 
ometric approach. It is shown that the supersymmetric 
QCD action is derived on the basis of the spectral action 
principle. For the sake of simplicity we consider in this 
paper the flat space without the gravity couplings. 

The present paper is organized as follows: In section 
2, we consider a functional space Hm which consists of 
spinor and scalar functions on the Minkowskian space- 
time. The supersymmetry transformation is imposed on 
these functions. We also introduce an algebra Am, whose 
elements are chiral and antichiral supermultiplets under 
the supersymmetry transformation. Then we define the 
supersymmetric operator T>m in T-Lm, which turns out 
to be the generalized Dirac operator if we change the 
signature from the Minkowskian to the Euclidean one. 

In section 3, we show that the {Am,'Hm,'Dm) is the 
spectral triple of the Euclidean NCG. In the Euclidean 
signature, Hm turns out to be the Hilbert space and T>m 
is the Dirac operator with the compact resolvent. We 
can define the Z/2 grading of Hm, which corresponds to 
the chirality of the supersymmetry transformation. 

In section 4, the vector supermultiplet is introduced as 
the internal fluctuation on the metric with respect to the 
supersymmetric Dirac operator T>m- The vector fields 
as well as their superpartners are constructed as the bi- 
linear form of the functions in the chiral and antichiral 
supermultiplets. We derive the modified supersymmetric 
Dirac operator which incorporates the vector supermul- 
tiplet. 

In section 5, internal degrees of freedom are incorpo- 
rated by introducing finite space with the spectral triple 
(T-Lf,A.f,"Df). In this paper we consider quarks and 
color degrees of freedom by letting ij? be the algebra 
of 3 x 3 complex matrices and Hf be the Hilbert space 
with the basis of internal degrees of freedom of quarks. 

In section 6, we calculate the supersymmetric QCD 
action by applying the spectral action principle. Since 
the supersymmetric Dirac operator T>m is expressed in 
the Minkowskian signature, we change the signature to 
the Euclidean one in order to calculate the spectral action 
using the formula for the operator of Laplace type. After 
the Wick rotation back to Minkowskian signature, we can 
finally obtain the supersymmetric QCD action integral. 

Finally, in section 7 we give our conclusions and out- 
look. 



II. SUPERSYMMETRY AND 
NONCOMMUTATIVE GEOMETRY 

The basic element of NCG consists of an involutive 
algebra A of operators in Hilbert space H and of a self- 
adjoint unbounded operator T> called the Dirac operator 
in H. A set of (A, H, T>) is named a spectral triple or a K- 
cycle [l| . If we consider a flat space, the space-time man- 
ifold of NCG is Euclidean. In order to introduce super- 
symmetry, however, we must work in the Minkowskian 
space-time M. So, our strategy is the following: First we 
consider (Am,Hm,T^m) on the Minkowskian space-time 
manifold M , and introduce there the supersymmetry de- 
grees of freedom. Then we relate it to the spectral triple 
of the Euclidean NCG by passing from the Minkowskian 
signature g^ v — (—1,1,1,1) to the Euclidean signature 
tf v = (1, 1, 1, 1) by the Wick rotation, t — > it. When we 
calculate the spectral action, we work in the Euclidean 
signature and then come back to the the Minkowskian 
signature to obtain the physical results. 

In order to introduce supersymmetry we prepare the 
functional space Hm with spinor and scalar functions of 
C°°(M). We consider the subsets H+ and H- of Hm- 
The elements of H+ are denoted by 

(*+)« = (<p + (x),iP +a (x),F + (x)), (2.1) 

in the vector notation, i = 1,2, 3. Here (p+(x) and F+(x) 
are complex scalar functions with mass dimension 1 and 
2, respectively, and ip+ a (x), a = 1, 2 are the Weyl spinors 
on the space-time manifold M which have mass dimen- 
sion |. 

The functions in Eq. (I2.ip are assumed to obey the fol- 
lowing supersymmetry transformation of the chiral su- 
permultiplet: 

S^ +a = ^\/2>^e i c^ + + ^/2£ Q F + , (2.2) 
S S F + = iV2£ & a^ a d^ +a . 

The element of H- is denoted by the vector with the 
index i = 1,2,3, and is the following antichiral super- 
multiplet, 

(*-)i=fr-(x),^(x),F-(x)). (2.3) 

The functions in ^ _ obey the antichiral supersymmetry 
transformation: 

= iV2a» dta £ad„<P-+V2t 6l F_, (2.4) 

Weyl spinors with undotted indices a, (a = 1, 2) trans- 
form as the (5,0) representation of the Lorentz group, 
SX(2,C), while those with dotted indices d, (a = 1,2) 
transform as the (0, ^) representation. The indices a are 
raised and lowered with the antisymmetric tensors e a/3 
and Sap, where e 12 = £21 = 1. The same holds for dotted 
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indices a. The e- tensor is also used to raise the indices of 
the cr-matrices as a^ aa = e a/3 e a ^a^. Here and in what 

follows we use the notation and convention of (22|. We 
assume that the functions of chiral and antichiral super- 
multiplets and their derivatives are C°°(M). 

The algebra in the space Hm = H+ © H- is now de- 
fined by Am = A+ © A-. The element of A+ is given in 
the following matrix form; 




€ Aa 



(2.5) 



where ip a ,tp aa and F a form a chiral supermultiplet and 
they obey the supersymmetry transformation (12.21) . In 
Eo. ([2.5p . mo stands for the mass parameter which was 
inserted to adjust the mass dimension. The multiplica- 
tion rule among the elements in A+ is now given by 

{u 3 )ik = {ui)ij{u 2 ) k, (2.6) 

V>3a = (lpl a <P2 + <Pli>2<x)/m , (2.7) 

F 3 = (ipiF 2 + Fi(p 2 - ipiip2 a )/m , 

where <p^ , ip3 a and F3 transform again as Eq. (|2.2j) and 
belong to A+. In Ea. (|2.6p and in what follows, repeated 
matrix indices should be understood to take summa- 
tion over the matrix size. Complex conjugate element 
of Ea. (|2.5p belongs to A- and is given by 



{ u a)ij — 



to 




e A. 



(2.8) 



which obeys the supersymmetry transformation for the 
antichiral supermultiplet given by Ea. (|2.4p . 

The algebra A+ is represented in the space W+ by the 
following formula, 



(««)«(*+) j 



(2.9) 



We have a similar relation for the antichiral sector. 

The third ingredient is the generalized Dirac operator 
which is an operator in the space Hm- Since we defined 
H m and Am so as to incorporate supersymmetry, let us 
define the supersymmetric Dirac operator by the follow- 
ing matrix form: 



V 



where 



Th 



M 



1 N 

ia^df, 



V Q 

V- l} 



(2.10) 







1 N 
V q = I uj^df, I , (2.11) 
,□ 0; 



and □ = d^df,. 



The operator Vjj operates on and generates the 

element in H- in the following way, 



(*'_)j= — By 
to 

ip'_(x) = F+(x)/mo, 
F'_{x) = U V+ {x)/m Q . 



(2.12) 
(2.13) 



As a matter of fact, we can confirm that the left-hand 
side of Eq. (|2.13[) transforms as Eq. (|2.4[) for the antichiral 
supermultiplet by applying Eq. (|2.2p on the right-hand 
side. Similarly, for the operator T>q we have the following 
formula: 



= —1\^> < r 

too 

Let us denote the element in Hm = H+ t 



(2.14) 



%- as 



(2.15) 



then Eo. (|2.12p and Eo. (|2.14p are put together in the fol- 
lowing form: 



too 



(2.16) 



By applying the supersymmetry transformation, Eq. 
and Eo. (|2.4p . we can show that 



[5t,V 



0. 



(2.17) 



Thus the operator T>m given by Ea. (l2.10p is invariant 
under the supersymmetry transformation. 

Here a brief comment is in order. If we introduce anti- 
commuting parameters 9 a ,9 a , an element of the algebra 
may be expressed by a superfield. For example, Ea. (|2.5p 
corresponds to the following chiral superfield, 

) + V2e^ a (x+) + eeF a (x + ), (2.18) 

where x+ = x^ + 6a^6. Then the multiplication rule, 
Eq. ([2.7p is obtained since products of two chiral super- 
fields are again chiral superfields. Note that the set of su- 
perfields does not form the Hilbert space since the norm 
of the superfield is not defined. This is the reason why 
we constructed "Hm and Am using the component fields. 



III. THE SPECTRAL TRIPLE IN THE 
FRAMEWORK OF SUPERSYMMETRY 

We first examine that the {Am^m^m) introduced 
in the previous section play the role of the spectral triple 
of NCG. Since NCG is formulated in the framework of the 
Euclidean signature, we change the signature from the 
Minkowskian to the Euclidean one by the Wick rotation. 

The functional space Hm has been defined to include 
the scalar functions in addition to the spinor functions 
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in such a way that they form a supermultiplet. In the 
Euclidean signature, the algebra of SL(2, C) turns out 
the algebra of SU(2) ® SU(2) under the Wick rotation. 
So, the Weyl spinors -0+q and ip" in Hm are replaced 
by p a and uj a where they transform as (|,0) and (0, |) 
of 577(2) ® 677(2), respectively Here a = 1,2 is the 
index of the first SU(2) and a = 1, 2 is the index of the 
second SU(2). The upper index is related to the complex 
conjugate of the lower index by p 1 = p|> P 2 = — P* i tjl = 

, w 2 = — oj? . These functions in % a/ are assumed to 
be square integrable on the Euclidean compact support 
so that Hm is the Hilbert space. 

The element of Hm is denoted by the same form as 
Eq. (|2.15p but now and \t_ are given by. 



and 



(3.1) 
(3.2) 



(*_)i = (^,^,F_). 

These functions are Euclidean counterparts of Ea. (|2.ip 
and Eq. (|2.3p . Note that the supersymmetry transfor- 
mations, Eq. (|2.2[) and Eq. (|2.4[) are not defined in the 
Euclidean NCG since the supersymmetry relates scalar 
functions to spinor functions which are represented by 
the Lorentz group, SL(2, C) in the Minkowskian signa- 
ture. 

The element of A+ which corresponds to Eo. (|2.5[) is 
now given by 



, , - 1 In" 

\ u a)ij — I Paa. 

m \ p 





fa 
-PT <Paj 



e A A 



(3.3) 



where p aa is (|,0) of SU{2) ® SU{2). Similarly, the 
element of A- corresponding to Eq. (|2.8p is given by 



( u a)ij 



to 



e A-, 



(3.4) 



and uj2 is (0, \) of 5/7(2) <g> SU(2). The multiplication 



rule of Eq. (|2.6p also holds by replacing ip aa and ip" with 

p aa and p* a , respectively. For the algebra A- , i\) a and 
ip aa should be replaced with ui a and io a , respectively. 
These algebras A± are represented in the Hilbert space 
Hm by the relation of the same form as Eq. (|2.9p . 

In order to obtain the Dirac operator in the Euclidean 
signature we replace the Minkowskian signature g^ v by 
if' v . and the Pauli matrices by 

* E = (ia°,a% W E = (ia°, -<?*). (3.5) 

Then from the supersymmetric Dirac operator (I2.10p and 
(j2~TTj) we have 



V 



M 



o v E 

V E 



where T>e and T>e are given by 








(3.6) 



(3.7) 



ia^ 



with 



□b = ^ v d»d v = dl + df 



(3.8) 



(3.9) 



Since o E and a E are the {\,\) tensors of SU{2)®SU{2), 
we have the following relations: 



Pa = ^filtti^w", 



(3.10) 



u' a = i{a E ) aa d ll p ol . (3.11) 



Therefore, Wm^, & € Hm is again the element of Hm 
and the same relation as Eq. (|2.16p still holds in the Eu- 
clidean signature. 

Now, the Dirac operator given by Eq. (I3.6p has the fol- 
lowing property: 

(a) T>m has the real eigenvalues. 

Let us compute the eigenvalues of T>m for the Eu- 
clidean G?-dimensional torus, M = T d with circum- 
ference 27r, where d is the space-time dimension, 
d — 4. After a Fourier transform, 



*(x) = *„e- i ^"'^ K = 0,±1,...), 
the eigenvalue equation reads as follows, 
V M (n)^ n = A„*„, 

where 



V M {n) 



V(n] 
V{n) 



(3.12) 
(3.13) 

(3.14) 



In Eo. (|3.14p . T>(n) and V{n) are given by 
V(n) 



( -i\ 

no + iris Wi + n-2 
%n\ — ri2 no — iri3 



(3.15) 



and 



V{n) 






in 2 

















no — iris —ini — n-i 

— iri\ + ri2 no + in^ 

/ 



(3.16) 



'o 



n\ 



n\. The characteristic 



equation amounts to 

det |£> M (n)-Al 8 | = (A 2 - n 2 ) 4 
= 0, 



(3.17) 



which gives the fourthly degenerate eigenvalues of 
T>m as 



An 



±xln 2 



(3.18) 
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For large |A„| there are about (7T 2 /2)|A„| 4 eigenval- 
ues inside the four dimensional ball with the radius 
|A„|. If we arrange |A„| in an increasing sequence, 
we obtain 



|a„ih§ 



1/4 



(3.19) 



for large n. 



(b) The resolvent R{\; V M ) = (V M - Al 8 )-\ A f R of 
T>m is compact. 

As a matter of fact, for any e > with sufficiently 
large N the norm of the resolvent obeys the follow- 
ing relation: 



||i?(A;2? M )|| < IAjv+i -A|- x 



< e, 



(3.20) 



on the orthogonal of a iV dimensional subspace of 
H M . 

(c) The commutators, [T>m,o\ — T>mcl — clDm arc 
bounded for any a € Am- 

The relations due to the supersymmetry such as 
Eq. (l2.9p and Eq. (|2.14|l in the Minkowskian signa- 
ture are transfered to the corresponding relations 
in the Euclidean signature. This implies that if 
is an element of Hm, then a<J/ and T>m^ are also 
the element of Hm> so that [X>M,a] is a bounded 
operator which maps a finite element of the Hilbert 
space to another finite clement. 

A Z/2 grading of the Hilbert space Hm is given by an 
operator 7m in Hm which is defined by 



7m 



-1 
1 



(3.21) 



on the basis such that jm(^+) = —1 and jm(^-) = 1- 
Obviously 7m satisfies 7 M = jm > 7m = 1 an< ^ obeys the 
following relations: 



7m a = aj M , Va G .Am, 
2?m7m = — 7Aff Af- 



(3.22) 
(3.23) 



In the rest of this section, let us consider the real struc- 
ture of the Hilbert space. First let us define the charge 
conjugation. For the state 'J g "Hm the charge conjugate 
state ty c is given by 



and 



(* c -)l 



(3.24) 



(3.25) 
(3.26) 



Then let us define the antilinear operator Jm by 

^ c = Ju^ = C^\ (3.27) 
so that it is given by 

Jm = C®*, (3.28) 
where C is the following charge conjugation matrix; 



1 



C 



-a/3 



V 







\ 



(3.29) 



and * is the complex conjugation (hermitian conjugation 
for matrices). The operator Jm obeys the following re- 
lation: 



JmIm = 1m Jm- 



(3.30) 



The real structure Jm is now expressed for the basis 
of the Hilbert space given by (\1/, \E' C ) T in the following 
matrix form: 



(3.31) 



On the same basis, the Dirac operator Dm and the Z/2 
grading Tm is expressed by 



D 



M 



V 



M 







Jm'DmJi 



M 



and 



r 



M 



flM 

V 7m 



(3.32) 



(3.33) 



The real structure defined by Eq. (|3.31[) satisfies the fol- 
lowing relations: 



V - 1 

J M — L i 

JmDm = DmJm, 
Jm^m — ^mJm- 



(3.34) 
(3.35) 
(3.36) 



In the Minkowskian signature, we shall define Jm by 
the same relation as Ea. (|3.27p . In this case, however, the 
charge conjugation is defined for Dirac spinors. A Dirac 
spinor ip is composed of two Weyl spinors, x and £ as 



(3.37) 



Then, the state \E r and its charge conjugate state ^ c in 
Hm is denoted by 



(3.38) 



6 



and 



(3.39) 



The charge conjugation matrix in Ea. (|3.28[) is now given 
by 



C 









1 





°\ 












£a/3 

















1 


1 

















£ d<3 


















1 






/ 



(3.40) 



The Z/2 grading in the Minkowskian signature is de- 
fined by 



7m 



-i 
i 



(3.41) 



since the state ^ and its charge conjugate state in 
H M are given by Eg. (13351) and Eq.(J3T5H]) so that 

7M (*+) = 7m(*1) = 7i*(*+) = (3-42) 
7Af (*-) = 7m(*;) = 7m(*1) = i- (3.43) 

Although 7m and C are anticommuting, Jm defined by 
Eq. p.28p commutes with 7m and satisfies the same rela- 
tion as Eg. (13. 301) . As a result, the real structure Jm as 
well as Dm and Y m in the Minkowskian signature satisfy 
the same relation as Eg . (pOI)i -Ea . ([3T55]l . 



IV. INTERNAL FLUCTUATIONS AND 
VECTOR SUPERMULTIPLET 

In the nonsupersymmetric noncommutative geometry 
the vector field was introduced as the internal fluctuation 
on the metric by the following formula, 



.4 



\ai[D,bi] 



»7 M 7 j «td/A> 



A a = i^ciidfibi, 



(4.1) 
(4.2) 



here cti,bi £ A and the Dirac operator D is given by 

D=ii»dr Him. 

In order to introduce vector fields in the supersymmet- 
ric theory we need two sets of the elements of A+ and 



(4.3) 
(4.4) 



n+ = {u a ;a = 1,2, ■ ■ • ,n} C A+, 
U = {u a ;a = 1,2, ■ ■ • ,n} C 



where u a and u a are given in the matrix form of Eq. (12.5[) 
and Eq. ([2.8[) . Since the product of chiral (antichiral) su- 
permultiplets is again the chiral (antichiral) supermulti- 
plet, the elements of II + (II_) are chosen such the prod- 
ucts of two or more u' a s (u' a s) do not belong to H + (II_) 
any more. Since we consider supersymmetry, we work 



in the Minkowskian signature so that elements of the al- 
gebra obey the supersymmetry transformations given by 
Eq. flU)) and Ea.p^j). 

We shall define the following scalar, spinor and vector 
fields as the bilinear form of the two component functions 
in u a € 11+ and u a G II_ ; 

m o c = ^2c a tp* a ip a , (4.5) 

a 

™o Xa = -iV2'y]c a <pZip aai (4.6) 

a 

m 2 (M + iN) = -2iY,c a <P* a F ai (4.7) 

a 

m l Afi = -l Ca Wa d ^a - d^aVa) 
a 

-#ad^f<M > ( 4 - 8 ) 

ml \ a =V2i^2 °a (Ki>a<x ~ ^adVC^a) > ( 4 ' 9 ) 
a 

mlD = c a [2F* a F a - 2{d^* a d^ a ) 

a 

{d l $ a& &* a 1> a a - ^Paa^d^aa}] , (4.10) 

where c a are the real coefficients. Using Ea. (|2.2p and 
Eq. ([2.4[) , we can show that these fields have the follow- 
ing transformation property of the vector supermultiplct 
expressed by 

hC = ^ a X a -ii6d?, (4.11) 
kXo = -ivLCi-A^ + id a C) + £ Q (M + iN), (4.12) 

~<^(M + iN) = & (A A + ia^d^xa) , (4.13) 

6 e A» = it a a^T + i^a^ a \ a 

+ Cd^ Xa +^x", (4-14) 
S 6 X a = ogP^dpAv - dvAJ + i£ a D, (4.15) 
S^D = -e<a.d,X + l^ &a d^X a . (4.16) 

If we express these fields as the superfield, we have 

V(x,0, 9) = C + 6 a (i Xa ) + hHx") + a <J"(-A u ) 
i 1 -- T i 

+ 1 



-(M + iN) 



--(M-iN) 



+ > 



-D + -DC 

2 4 



(4.17) 



When we define the vector supermultiplet given by 
Ea. (|4.5J) -Ea. (|4.10p . there is an ambiguity due to the 
choice of the algebraic elements. In order to sec this, 
we consider two arbitrary elements of the algebra given 
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by uq S A+ and uq G A- . It turns out that the following 
functions obtained by these elements obey the supersym- 
metry transformation of the vector supermultiplet given 
by Eg. BUI) -Eg. BIB. 

m Co = tpo + <Po, (4.18) 

moxoa = -iV2ip 0a , (4-19) 

m (M + iN ) = -2iF , (4.20) 

moAof, = -id^o - <Pq), (4.21) 

A 0Q = 0, (4.22) 

D a = 0. (4.23) 

Then we can redefine C, \a , M, N such that 

C -> C + C = 0, (4.24) 

Xa -> Xa + XOa = 0, (4.25) 

M + iiV -> {M + M ) + i(N + N ) = 0. (4.26) 

To choose C, \ a , M and iV in the vector supermultiplet 
to be zero is called the Wess-Zumino gauge. This gauge is 
realized in Eg. (|4.5[) Eg. ([4.10p by the following condition: 



and 



(4.27) 



Hereafter let us call Eo. (|4.27|) the Wess-Zumino gauge 
condition. 

Now let us calculate the internal fluctuation of the 
supersymmetric Dirac operator Dm given by Eg. (12. 101) . 
The modified Dirac operator is denoted by 



V M = -i 



V q 



(4.28) 



First, we consider the fluctuation due to u a G II + and 
u a G II_. The contribution to T>jj is given by the follow- 
ing matrix form: 

V ij = - 2 ^ c ai n a)ik[i'DM,U a ]l j 
a 

= -2j2c a (u a ) rk V- ke (u a ) ej , (4.29) 

a 

and the contribution to T>£j is given by 

Vij 2 ^ c a (u a ) ik [iT>M, Ua]kj 
a 

= 2Y J Ca{u a \ k V kl {u a )r 3 . (4.30) 

We shall calculate in the Wess-Zumino gauge. Using the 
definition of the vector supermultiplet given by Eo. (|4.5D 
Eo. (|4.13p . we obtain the following result: 



V- = 





iV2X 

K D + id^A u + HAud* i^/2\ a 



ON 

| , (4.31) 



V --- = 



ON 

-*V2A Q cj^A^ | . (4.32) 

Jj-id^A^-HA^ -iV2\a 0y 



Next, let us consider the additional fluctuation due 
to u a b — u a Uf, G A+ and u a b = u a Ub G A-, where 
a,b = 1, • ■ • ,n. This fluctuation is not contained in the 
fluctuation due to u a G 11+ and u a G II _ since u a b ^ II + 
and u a b (fc n_ . The component fields of u a b are expressed 
by the matrix form of Eq. (|2.5[) and each field is given by 



■kib — {fab,1paba,F a b}, 



where 



fafb, 



(4.33) 

(4.34) 
(4.35) 
(4.36) 



The component fields of u a b are the complex conjugate 
functions of Ea. (jOI|l -Ea. (|05|l . 

It turns out that the gauge-covariant form of Dm is 
obtained by considering the following fluctuation due to 
Uab and u ab : 





1 


fab = 






mo 




1 


tpaba = 






too 




1 


F a b = 






to 



y{,j = 2 c a Cb(u ab )jk [iT>M,u a b]kj 

= 2^ C a C b {u a b)ik'Dkl( u ab)e r , 



(4.37) 



and 



= 2 ^ C a Cb(Uab)ik[iT>M,U ab ]kj 

= 2^c a c b (u a b)ik'D k i(u a b)gj. (4.38) 

Taking into account the Wess-Zumino gauge condition 
given by Eg. (14. 271) . we obtain 



(4.39) 



and other matrix elements turn out to be zero. The fluc- 
tuation due to higher order products of u a or u a such 
as u a bc = u a UbU c or u a bc = u a UbU c vanishes due to the 
Wess-Zumino gauge condition. Thus the total fluctuation 
in the Wess-Zumino gauge amounts to 



yWZ = y_ 



r nz r . r 



(4.40) 
(4.41) 



and the Dirac operator with fluctuation denoted by 
Eo. (|4.28p is finally given by 



Th- =V-. + V^ 

y 13 tj 



WZ 



1 

-i^/2\ a ia^V^ 
(D^-D -iV2X a 



(4.42) 
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and 



y %3 v 



o o :P 



where 2?^ is the covariant derivative, 



23„ 



df, - iAp. 



(4.43) 



(4.44) 



V. INTERNAL DEGREES OF FREEDOM AND 
FINITE GEOMETRY 

Internal degrees of freedom are introduced in NCG 
by the finite geometry described by the spectral triple 
{Af,%f,T>f). Let us consider in this section the color 
degrees of freedom of quarks and let Af = M 3 (C), the 
algebra of 3 x 3 complex matrices. 

We let Hp be the Hilbert space with basis of the la- 
bels ql and q R of quark-supermultiplets which consist of 
quarks, squarks and auxiliary fields. Here a is the color 
index, a = 1,2,3 and L, R denote the eigenstates of the 
Z/2-grading , which is defined by 



If = 



-1 
1 



For the basis of Hf given by 



(5.1) 



(5.2) 



we have 7f(<?£) = — l,and 7f(?%) = 1- We shall define 
the antiquark-supermultiplet states in "Hp as follows; 



(q c a ) L = (Q a R Y, 



and 



Let us define the antilinear operator Jp by 



(5.3) 



(5.4) 



J i- = \\\) *■ (■"■-') 



where * is the complex conjugation. Then the antiquark- 
supermultiplet Q c a is related to Q a by 



Ql = J F Q a - 



(5.6) 



by 



The Dirac operator Dp on the basis (Q a , Q c a ) T is given 



n = r 2 ^ 
' 1 JfVfJf 1 



(5.7) 



Here Vp is defined by 



TO T 
TO 



(5.8) 



and to is the mass matrix with respect to the family index 
of quark-supermultiplets. 

On the same basis, the Z/2-grading IV and the real 
structure Jf are expressed as follows: 



and 



Jf 



If 
7f 



( Jf 1 
\Jf 



Since 7^ and "Dp are anticommuting we have 
D F T F = -T F D F - 



(5.9) 



(5.10) 



(5.11) 



Furthermore, Jf, Dp, and Tp obey the following rela- 
tions; 



Jp = h 
JpDp = DpJp, 
JfYf = — TpJp- 



(5.12) 
(5.13) 
(5.14) 



These relations imply that the K-theoretic dimension of 
the finite space is 6. This dimension is required to avoid 
the fermion doubling problem [13J, [24[ . 

The spectral triple (A ,H , D ) for the product of the 
space-time manifold M by the finite geometry F is given 
by 

A Q =A M ®A F , (5.15) 
H q =Hm®H f , (5.16) 
D = D M ®1 + T M ®D F . (5.17) 

The wave functions of the quark-supermultiplets in H 
are in vfr_) <g> (q1,q%)- In order to evade fermion 
doubling [25l |26| we impose that the physical quark wave 
functions obey the following condition: 

7 = 7m7f = 1< (5.18) 
Then for the left-handed quark-supermultiplet we have 



= ql ® (y+(a;),^ +Q (x),F + (x)) , 



(5.19) 



in the Minkowskian signature and the wave functions of 
quark, squark, and auxiliary field amount to 



q a L{x)=q a L ®ip+{x), 
F£(x)=q a L ®F + (x). 



(5.20) 
(5.21) 
(5.22) 
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For the right-handed quark-supermultiplet we have 



= gS®(*_(*))l 



(5.23) 



and the wave functions of the component fields are given 
by 



C(i) = 4®f(x), 

Sa( a; ) = «B®V-(®). 
F%(x) = q a R ®F_(x). 



(5.24) 
(5.25) 
(5.26) 



The elements of the algebra A given by Ea. (|5.15|> 
are the matrix- valued supermultiplet, i.e., the compo- 
nent functions of u a and u a in Eq. (|4.3p and Eq. (|4.4l) . 
respectively, are 3x3 complex matrix functions. Then 
the functions in the vector supermultiplet defined by 
Ea. (|4.5p -Eq. (|4.10p are also 3x3 complex matrix func- 
tions. In the Wess-Zumino gauge we consider A^, X a and 
D. Among them, A^ and D are hermitian so that they 
are parametrized by 



e=o,— ,8 

D(x)= 

e=o,— ,8 



U 



(5.27) 
(5.28) 



where A^(x) and D l {x) are real functions and tg are 3x3 
Gell-Mann matrices. The complex matrix function X a is 
expressed by 



X a (x) 



1=0,- . 



(5.29) 



and X l a {x) are complex functions. 

Since the vector supermultiplet originates from the 
fluctuation of the metric, the matrix-valued functions 
A^ , A Q and D should be traceless because the trace part 
does not affect the metric 21] . This amounts to remove 
to from the summation in Eq. (|5.27p -Eq. (15.291) . As a re- 
sult these functions have the same form as the adjoint 
representation of SU(3). In the next section we shall 
show that the vector supermultiplet actually satisfies the 
super Yang-Mills action with the SU (3) gauge symmetry. 



VI. SUPERSYMMETRIC QCD AND THE 
SPECTRAL ACTION PRINCIPLE 



In the Euclidean NCG models without supersymmetry, 
the bosonic part of the action is obtained by the spectral 
action principle, which asserts that the action depends 
only on the spectrum of the squared Dirac operator. In 
our noncommutative geometric approach to supersym- 
metry, we have derived the supersymmetric Dirac opera- 
tor V M given by Eq. p~2"gj) with Eq. (j4T4^|) and Eq. fljggJ) , 

Let us show that the supersymmetric action for the 
vector supermultiplet will be obtained by the spectral 



action in the heat kernel expansion of the elliptic operator 
P : 



Tr i2 / (P) ~ Y, c » a « ( p ) > 



(6.1) 



n>0 



where f(x) is an auxiliary smooth function on a smooth 
compact Riemannian manifold M without boundary of 
dimension 4 [27]]. Since the contribution to P from the 
antiparticles is the same as that of the particles, we con- 
sider only the contribution from the particles. Then the 
elliptic operator P in our case is given by the square of 
the Wick rotated Euclidean Dirac operator T>q, 



V =V 



M 



1M 



(6.2) 



where V M is obtained from Eo. (14.281) . Ea. (|4.42p and 
Eq. dCTl) by a replacement of -t rf v , cr" -t 0%,^ 
erg. Note that the internal fluctuation on Dp is absent 
in the QCD model. 

The elliptic operator P is expanded into the following 
form: 

P = - (rTd/tSy + A^df, + B) . (6.3) 

The heat kernel coefficients a n in Eo. (|6.1|) are found in 
[27l | . They vanish for n odd, and the first three a n 's for 
n even in the flat space are given by 

1 



a (P) 
«2 (P) 
a 4 (P) 



16tt 2 



M 



1 



167T- J M 
1 



dx 4 try (I), 
dx 4 tr v (E), 
dx A 



M 



x try ( E 2 + -E.^ 



(6.4) 
(6.5) 



-Sl^W), (6.6) 



where E and the bundle curvature VL^ V in the flat space 
are defined as follows; 

E = B - {d^ 1 + oj^) , (6.7) 

n"" = &*u v -a u w' i + [u ii ,w v ], (6.8) 

= ^A M . (6.9) 

The coefficients c„ in Eq. (|6.1I) depend on the functional 
form of f(x). If f(x) is fiat near 0, it turns out that 
C2fe = for k > 3 and the heat kernel expansion (|6.1[) 
terminates at n = 4 [20j . 

In Eq. (|6.4p -Eq. (|6.6p . try denotes the trace over the 
vector bundle V. As for the supersymmetric theory we 
consider here, sections of the vector bundle V are smooth 
functions bearing indices which correspond to internal 
and spin degrees of freedom of the chiral or antichiral 
supermultiplets. For the spin degrees of freedom, try is 
the supertrace defined by 



StrO = 5>|(-l) 2 *0| 



J2(b\0\b)-J2(f\0\f), 

b f 



(6.10) 
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where s is the spin angular momentum and the states \b) 
and |/) stand for bosonic and fermionic states, respec- 
tively. 

Now let us calculate the spectral action for 2?q where 
T>o is given by Eq. (|6.2l) . In the contribution to the spec- 
tral action from Dq, the terms including Dp vanish since 
T>m anticommutes with 7m and 

Str7 M = Strl = 0. (6.11) 



Thus, we consider the following elliptic operator P in the 
Euclidean signature, 

p=& M =( p + °_y (6.i2) 

By making use of the Wick-rotated expression of 
Eq.(H32) and Ea. ([P5|t . P± amounts to 



and 



P + = - 



T> E V E 
( 



D 



Ead 



-2 Aa A 







Dj 



3.13) 



P_ = -V E V E 



D 



■ uva. 

1 ST 



' E M 



F 



-2 \ a X a 





V2iT 



- D ; 



3.14) 



In Eq. dBTTSl) and Eq . (16TT4")) . a E v and a E v are defined by 

o% = (io a S,<T«), (6.15) 

a% = (%d°J,o i S), (6.16) 

and 

a =1 \ <J a a (J ~ ^aa? ) . (6.17) 

The fields A M , X a ,D are the 3x3 matrices as shown 



by Eg . ([5T2"7|) -Eg . (|ST2"9"]) . They turn out to be the gauge, 
gaugino and auxiliary fields. The covariant derivative on 
spinors, say, A Q is given by 

£VA Q = dfj,X a - i[Afj,, X a ], (6.19) 

and F^y is the field strength defined by 

F llv = i\D il ,V v ] 

= d v ,A v -d v A il -i\A il ,A v ]. (6.20) 

We expand P± in the form given by Eq. (|6.3p . Using 
the formulae given by Eq. (I6.6[) and Eo. ([6.8[) . we obtain 
the following expressions; 



and 



E+ = B+ - (0 p 



ft 



-D 



\ -2A d A d 



/ D 

j=af a (V»X a ) 
\ -2X a X a 



zV2X^ 



ia Eu r V 



—tiaP 



-iV2Xp 

1(7 E V v 





-i\[2X a 
D 





-iVzxf 



3.21) 



3.22) 



—D 
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The bundle curvature il^ given by Eq. (l6.7[) amounts to 

/ -iF» v 

-iF^ 

i)>- : | ^[W E &a (V»X a ) -a£ a (V"\ a )} -iF^Sl 

Tl^^Kap-^^KJ -iF"" 



(6.23) 



3.24) 



From Eq. (|6.2ip we have 



StrE^ = Tr 



Tr 
Tr 

: Tr 



2D 2 - UX^iV^p) - F^F"" - -e^^F^F; 



(6.25) 



Here the trace is taken over the 3x3 matrices of the color degrees of freedom. As for the antichiral sector given by 
Ea. (|6.22[) we have the following result: 



Str E 2 _ = Tr 



2D 2 - UX^iV^Xp) - V" + l -e^F^F XK 



(6.26) 



Equation (|6.25[) and Eg. (16.261) give the following expression: 

tr y (E 2 ) = StrE 2 +StrE 2 _ 



= 2Tr 



2D 2 - AiX^iV^Xp) - F^FV 



The supertrace of f2± Al „f2± y amounts to 



Strr!±^f = Tr[-F^F^} - Tr[-F^F^1 2 ] + Tr[-F^F^ 
= 0. 



3.27) 



(6.28) 



Now that we are ready to calculate the heat kernel 
coefficients. From Ea. (|6.3[) we obtain 



3.29) 



a a = 0, 



since the number of freedom of the bosonic sector is equal 
to the number of freedom of the fermionic sector due to 
the supersymmetry, so that Str I = 0. Equation (I6.29[) 
indicates that the cosmological constant in the supersym- 
metric theory vanishes. The coefficient ai also vanishes, 



a 2 = 0, 



(6.30) 



since D and F^ v in try(E) are traceless 3x3 matrices 
with respect to the color degrees of freedom. Finally, 



Eq. flOTl) and Eq. (RT2"g)) give 
1 



&4 



16tt 2 Jm 



dx* 



x Tr 



2D 2 - 4i\,a^(V^) - F M „F^ 



3.31) 



since tr y (E ;A1 M ) = 0. 

The Euclidean super Yang-Mills action Ie is now given 

by 



/ E =1W (V 2 M ) =f 4 a 4 . 



(6.32) 



In order to obtain the physical action we change the 
signature back to the Minkowskian, i~f v — > g^ v and 
rescale the vector supermultiplet as {Ap,A Q ,-D} — > 
{gcA^, g c \ a , g c D}, where g c turns out to be the gauge 
coupling constant. After this procedure we have the fol- 
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lowing super Yang-Mills action: 



Isym = I dx 

' M 
1 



x Tr 



(6.33) 



where we fixed the constant fa such that 

A = i 

8tt 2 g? 



3.34) 



and normalized the matrices ti in Eq. (|5.27[) ~Eq. (15.291) as 

Tr (t e t m ) = 2 d£ m . (6.35) 

The final step is to derive the action integral including 
quarks. Here we work in the Minkowskian signature. Let 
us first define the supersymmetric product of two chiral 



supermultiplets and "fl by 



Jm 



3.36) 



where To is the constant matrix such that 

/0 1\ [<p+ 

*lr Q *+ = (<p*_,W>*_) a ,Fi) o -l o U +a 

\1 Oj \F + 

= ip*_F+ + Fiip+ - w>:rv>+«- 



3.37) 



This expression is the F-term of the product of two chi- 
ral supermultiplets and it transforms into a space deriva- 
tive under the supersymmetry transformation given by 
Eq. (l2.2[) . The supersymmetric product of two antichiral 
supermultiplets is also defined in the same way. 

The kinetic parts of the actions for the chiral super- 
multiplet = (ip-\-, ip+ a , F+) and antichiral supermul- 
tiplct = (<p_,ij;",F-) are obtained by the use of the 
following formulae: 



^ + T V^+ - -V^* + V^ + - ii>* +& a^ a V^ +a - V2i (^;A Q V+a - - V*+D<P+ + F;F + , (6.38) 

tf!r f5¥_ = -V^*_V» V _ - i^a^D^t - V2i «A d ^ - *P*-K<P-) + <P-D<P- + (6.39) 



where V and V are given by Eo. (l4~l2")l and Ea. p~33"|) . 

The wave function of quarks, ^ consists of the chiral- 
and antichiral-supermultiplets defined by Ea. (|5.20p - 
Ea. ([Q2l) and Eq. (|5T2"^ -Eq. (|5T2l)|) , respectively. They 
are denoted by 

n = (F L ,q a La ,F£), (6.40) 
* a R={q a R,qT,n), (6-41) 

where a is the color index. The spectral action principle 
asserts that the action for quarks is obtained by the total 
Dirac operator T>q so that 

/quark = 

= (y, ffl M V) + (*, 7 M ® 2?f*) • (6.42) 



I 

Here 7 m is given by Eo. (13.411) . 

The first term of Eo. (16.421) is the kinetic part of the 
action, which is given by 

/kinetic = (y,iV M v) 

= + (*n,fW) • (6.43) 

The second term of Ea. (|6.42p turns out to be the mass 
term of quarks: 

/mass — 7M ® ■ (6.44) 

As for the kinetic part of the action, using Ea. (|6.38[) 
and Eq. (|6.39[) we can confirm that 



dx A ' 



M 



V^ L V»~q L - iq L& a^ a V^q La - V2ig c (ql\ a q La - 1 L& \%) - q* L Dq L + F* L F L 



3.45) 
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for the left-handed quark supermultiplet and 

I R = (^R^R, 



dx 4 



M 



-V^rV^r ~ iqKoP^l - V2ig c (q R X & q% - q R Kq R ) + q* R Dq R + F* R F R 



(6.46) 



for the right-handed quark supermultiplet. 



Finally let us give the mass term of quarks. From 
Eq. (|6.44p this part of the action amounts to 

/ mass = (^ L ,im T ^ R ) - im$> L ) , (6.47) 

where we recall that T)p is given by Ea. (|5.8[) . We redehne 
here the phase of ^ l as \t l — > i^Li then we have 

/mass = (*R,m*i) + h.C. 

= f dx 4 

J M 

x [q* R m F L + F R mq L - q R m q La + h.c.] . (6.48) 

To summarize we have shown that the supersymmet- 
ric QCD action on the noncommutative geometry is ob- 
tained by the following formula of the spectral action 
principle: 

/sqcd = Tr L S% + ifi ^ t ( 6 .49) 
where T>q is given by Ea. (|6.2[) . 



VII. CONCLUSIONS 

In this paper we have studied how to introduce su- 
persymmetry into the NCG models. In order to incor- 
porate supersymmetry we enlarged the Hilbert space to 



include bosons as well as fermions, which constitute a su- 
permultiplet. Then we dchncd the generalized Dirac op- 
erator T>m which operates on the supermultiplets in the 
Hilbert space. Although supersymmetry must be formu- 
lated in the Minkowskian signature, the axioms of NCG 
are stated in the Euclidean one. So, we changed the sig- 
nature by the Wick rotation when we checked the axioms 
of NCG and calculated the spectral action. 

A vector supermultiplet was introduced as the internal 
fluctuation on the metric. The modified Dirac operator 
T>m due to the fluctuation turned out to be supersym- 
metric and gauge-covariant if we introduce the internal 
degrees of freedom as the finite geometry. In this paper 
we considered the supersymmetric QCD model where the 
finite geometry is represented by the algebra of complex 
matrices. 

Following the prescription of NCG we calculated the 
spectral action by using our generalized supersymmet- 
ric Dirac operator T>m- We have found that the super 
Yang-Mills action was successfully derived based on the 
spectral action principle. The other parts of the action 
which include kinetic terms and mass terms of quarks and 
their superpartners were also obtained. As a result we 
found that the whole supersymmetric QCD action was 
expressed by the simple formula of the spectral action 
principle. 

The method proposed in this paper to incorporate su- 
persymmetry in NCG is applicable to other models such 
as the supersymmetric standard model. In this model 
the Higgs bosons and their superpartners are introduced 
as the internal fluctuation on the metric of the finite ge- 
ometry. The detailed discussions and calculations on this 
subject will be given in a separate paper |28j |. 
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